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1. INTRODUCTION
The existence of free groups in finite-dimensional division algebras was
   proved in 8 , making an essential use of Tits’ alternatives theorem 20 . A
downside of that proof is that it is hard to locate the free groups. To be
precise, suppose the algebra is presented via a basis or through an explicit
linear representation. The theory involved in the existence proof does not
seem to help in finding an actual free paira pair of units generating a
 rank 2 free group. For more on the subject see 2, 14 .
Our objective here is to obtain explicit free pairs that look especially
 simple in terms of a given representation. In Part I 9 we showed how to
obtain such pairs in quaternion algebras. Here we extend those results to
crossed products. Indeed, the extension is broad enough to cover crossed
products that are not division algebras.
For our purposes it is not enough to know that a ring is a crossed
product; we need to refer to a specific way it is so represented. On the
 other hand, we do not need the generality of 16 , as our interest lies
mainly in centrally finite algebras. So, it is convenient to define:
Let R be a central F-algebra, and let F be a field. A crossed-product
Ž .structure on R is  K , , c, e , where K is a commutative F-subalgebra
of R,  is a non-trivial finite group of F-automorphisms of K , c is a map
Ž .   4 U K , and e e   is a subset of A such that:
Ž .a RÝ Ke  Ke .   
Ž . Ž .b For all  ,  , e e  c  ,  e .  
Ž . c For every x K ,  , e x x e . 
Ž .d e  1.id
We stress the convention that in a crossed-product the group  must be
Ž   .non-trivial   1 , so that R K.
A aluation on a commutative ring K is the composite of a morphism of
K into a field with a valuation on the field.
Ž .Given a crossed-product structure  K , , c, e we say that a non-
Ž Ž ..archimedean valuation  on K is compatible with  if  c ,   0. An
Ž  .element x K is maxmin if the set  x :   has a unique maxi-
mum and a unique minimum. Consider the following sets:
 4V  x K x is maxmin

T   e  R   is independent of  and Ž .Ž .Ý   ½ 5


Z   e  R    0 for all  ,   T .Ž .Ž .Ý    ½ 5

We then have the following result.
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Ž .THEOREM 1. Let  K , , e, c be a crossed-product structure on the
central F-algebra R, and let  be a aluation of K compatible with . Gien
units x, y V , u R, the following hold.
1  u41. If u  T , then x, y is a free pair.
r ² :2. If for eery r , u  F	 T , then the group x, u is a free
² : ² : ² :product oer the centre. More precisely, x, u, F* F*
 x  u, F* F*.
In the second case, even if the even product is not a free group, it
contains many free pairs whose elements are short words in the genera-
tors. In the first case, we present a free pair directly, although it does not
look so pleasantly simple with respect to the given basis.
Almost all finite-dimensional division rings are known to contain a
Ž .crossed product perhaps as a subring . The next result shows that the
criterion of Theorem 1 is always applicable, except for trivial cases. A
recurring condition is that an element and its inverse have full support;
that is, when written as Ý  e , all  are nonzero.   
Ž .THEOREM 2. Let R KF, , c, e be a crossed product, where K is a
Ž .field, Gal KF is finite, and F is the quotient field of a Dedekind
domain A F.
i. There exist infinitely many units u 	 Fe such that u1 hae full 
support.
ii. Gien u as aboe, there exist infinitely many discrete aluations  on
F compatible with c, so that u1 Z .
iii. Gien  as aboe, there exist infinitely many maxmin elements
x K.
It turns out, in practice, that the tricky part is finding the elements u.
So, much of what we do in what follows will involve finding such elements.
Special attention is given to cyclic algebras, since they occur as subrings
of crossed products. Most of the basic techniques are developed for symbol
algebras first. That strongly generalizes the results on quaternions estab-
   lished in Part I 9 . Section 6 also completes some results of 9 , by showing
explicit free pairs in division rings whose multiplicative subgroup contains
a nilpotent group of rank 2.
An inolution in a monoid is an anti-automorphism of order 2. It is
usually denoted exponentially, x x j. An element is symmetrical if x x j.
A set is stable if it is invariant under j. A stable pair can be switched, that
 j4is, of the form x, x , or pointwise fixed, in which case its members are
symmetrical. Many algebras come endowed with a linear involution, in
which case it is interesting to find stable free groups. We do not know of a
version of Tits’ alternatives that would assert the existence of such groups.
Our methods yield such groups in some cases; indeed we can present
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explicit ‘‘nice’’ stable free pairs. Whether they are switched or fixed is of
Ž .little importance see Proposition 18 .
Ž .A crossed product KF, , c, e with involution j is said to be of
j ² : Ž . j jquaternion type if K  K ,  j has order 2, and e e . In suchj
an algebra, j-symmetric elements are scalars, so there can be no free pairs.
On the other hand, as long as we exclude this case, analogs of the previous
theorems exist.
Ž .THEOREM 3. Let  K , , e, c be a crossed-product structure on the
central F-algebra R, and let  be a aluation of K compatible with . Let j be
an inolution of R such that K j K. Gien units x V , u R such that x
Ž j.1  u uj4is symmetrical and uu  T , the pair x , x is a free pair which is
switched by j.
Ž .THEOREM 4. Let R KF, , c, e be a crossed product oer a field K ,
where F is the quotient field of a Dedekind domain A F; let j be an
inolution of R such that K j K. Assume that R is not of quaternion type.










Ž j.1i. There exist infinitely many units uÝ Fe of R
 such that uu 
hae full support.
ii. Gien u as aboe, there exist infinitely many discrete aluations  on
Ž j.1F compatible with c, so that uu  Z .
iii. Gien  as aboe, there exist infinitely many symmetrical maxmin
elements x K.
One consequence of the existence of free groups in division rings is that
 they also exist in many group algebras 7 . Again, here one gets existence
results, which compound the lack of explicitness already mentioned with a
projection of the algebra onto a simple component. As group algebras of
Žfinite groups generally contain crossed products usually over a ring, not a
.field , our results allow for the identification of free pairs with explicit
descriptions in terms of the basis consisting of group elements, with a little
more:
In a group algebra there is a natural involution, the linear map extend-
ing the inversion of group elements. There has been some interest in
properties exhibited by the symmetric units. Although they rarely form a
 group 2 , for some local group properties it makes sense to inquire
 whether they are satisfied by symmetric units. Giambruno et al. 6 have
studied when the set of symmetric units of a group algebra satisfies a
group identity. In the opposite direction, we study group algebras of finite
groups and provide free pairs of symmetric units. We can handle both the
semisimple and the modular case.
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We need some notation before stating the relevant result. Let X be the0
class consisting of the finite Abelian groups and the non-Abelian Hamilto-
nian 2-groups, and let X be the class of finite groups G such thatp
Ž . Ž .GO G is in X , where O G denotes the unique maximal normalp 0 p
p-subgroup of G.
THEOREM 5. Let p 0, p 2, let G be a finite group not in X , and letp
F be a field of characteristic p which is not locally finite. Then the group ring
FG contains a stable free pair.
The unit group of FG is locally finite if F is locally finite, and soluble if
G X , so the restrictions are necessary.p
2. THE GENERAL EXISTENCE THEOREMS
  4 Recall the sets V  x K x is maxmin and T  Ý  e     
 ŽŽ . . 4R   is independent of  and  . For convenience, we omit the
subscript  next.
LEMMA 6. Gien a crossed product and a compatible  , the following
hold:
1. T V T T.
2. T V and V T are semigroups and hae empty intersection with K.
Proof. Let x K , u,   T , uÝ  e ,  Ý  e . Then     
xu  e x  e   x  e eŽ .Ý Ý Ý       
   , 
  x  c  ,  eŽ . Ž .Ý   
 , 
 1
1  x  c  ,   eŽ .Ž .Ý Ý    ž /
 
  e .Ý  

ŽŽ . . ŽŽ . .Let    ,    , and recall that these values do not 
ˆŽ .depend on  ,  ; let   be such that  x is a minimum. Then, forˆ
ŽŽ . .every  ,  ,   is the value of a sum, indexed by  , of terms
Ž .  Ž . Ž 1 . Ž . Ž . Ž .1 Ž .1 x  c  ,   . As c ,   c  ,  c  ,  c ,  ,  
and  has valuation zero on every term on the right-hand side, its value on
Ž .c ,  is also zero. Since u and  belong to T , the value of each
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 ˆŽ . Ž .summand is    x , which attains the minimum    x
1 ŽŽ . .only once, when   . Hence, that minimum is   , and this doesˆ 
Ž .not depend on  and , thus proving that xu T , whence 1 follows.
Ž . Ž .2Next, 1 readily implies that TV  TV, so TV is a semigroup, clearly all
its elements have full support; hence no element of K can be in TV. The
proof for VT is entirely analogous.
Now we are ready to prove the main results.
Proof of Theorem 1. any non-trivial group word that is not a power of a
generator is conjugate to a product of terms u1 y r, ux s, which belong to
Ž .TV. The result follows from 2 of the previous lemma.
 uu j4Proof of Theorem 2. it follows from Theorem 1 that x, x is a free
pair. It is, then, just a matter of conjugating by uj and noting the action
of j on the resulting pair.
In preparation for proving Theorem 2, we show:
LEMMA 7. Let KF be a finite separable field extension of finite degree,
where F is the quotient field of a Dedekind domain A F. Let S be a finite
subset of K *. Then there exist infinitely many discrete aluations  of F such
that
  has n inequialent prolongations to K , and
 Ž .w a  0 for all prolongations w of  and all a S.
Proof. The condition F A implies that F is not absolutely algebraic,
 and that A has infinitely many prime ideals. The theorem of 15 provides
an infinite set V of discrete valuations on F satisfying the first condition.
Next, the integral closure B of A in K is also a Dedekind domain. If P is
Ž .the finite set of prime ideals occurring in the principal fractional ideals
aB for all a S, then any  V which avoids the finite set of prime
 4ideals I A : I P satisfies the second condition as well.
Note, for example, that the lemma applies to any infinite, finitely
generated extension of a prime field.
Ž . Ž .Proof of Theorem 2. Form the algebra R X  R F X :   ,F 
where the X are transcendental over F, and consider the generic element
Ž . Ž .zÝ X e  R X . Then z is a unit in R X , with an inverse of the  
form
z1  1  e ,Ý  

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    Žwhere  and  belong to K X :    K X . Briefly, the proof is as 
 4follows: Let M denote the matrix of z relative to the basis e in the
Ž . Ž . Ž .regular representation of R X on K X . Then  det M  0, and the
Ž .   .entries of adj M are polynomials  in K X . Observe that none of the
Ž .   0, for, F being an infinite field, there exists an a a :    F 
Ž .with all the a non-zero, and such that  a  0; this means that the
Ž .element Ý a e is a unit in R, with inverse bÝ b e . Then  b  a       
 0. It follows that there are infinitely many evaluations u of z such that
1 Ž .u have full support; it suffices that Ł X   does not evaluate  
to 0.
Ž .Part ii follows from Lemma 7, on taking for S the set of all coordinates
1 Ž .of -conjugates of u , together with the c  ,  for all  ,  . Let  0
be any of the valuation on F provided by the lemma for the above set S,
and denote by  one of its prolongations to K. By construction,  is
c-compatible, and u1 T.
 Ž .Finally, notice that the conjugate valuations  for   provide the
complete set of inequivalent prolongations of  to K. By the approxima-0
 4tion theorem, given any set of integers n , there exists an x K such
 Ž . Ž . Ž .that  x   x  n for all  . This yields part iii .
The last general result deals with crossed products with involutions. The
statement of Theorem 4 covers the cases in which a crossed product
Ž . jR KF, , c, e has an involution j such that K  K , in which case the
involution has to be tied with the -action.
Ž .LEMMA 8. Let j be an inolution on a crossed product R KF, , c, e
such that K j K. Then there exists an inolution † on the group , and
elements d  K * such that e j d e † for all  . The elements d satisfy    
Ž . j Ž . † Ž † †. Ž . jŽ .††the conditions d d  1 and d d c  ,   d c  ,  . In    
particular, d  1.1
Proof. It is trivial to verify that if an element r R satisfies rK Kr,
Žthen r is a left K-multiple of some e for, writing rÝr e , for every  
Ž  . K there exists 
 K such that r 
r, whence r   
  0
for every  , and this forces every r , with possibly one exception, to be
. jzero . Hence, applying j to the equation Ke  e K , we find that e is  
necessarily of the form d e † for some d  K * and  † . Applying j to  
j j j Ž . j Ž . j ††† † † † ††the equation e  d e yields e  e d  d e d  d d e .        ††    
In particular  ††  for all  . Similarly, applying j to the equation
Ž . Ž .† † †e e  c  ,  e and simplifying, we obtain     , as well as the  
condition relating d and the cocycle c. Finally, e j  d e . But e  1, so1 1 1 1
d  1.1
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Ž .Proof of Theorem 4. The hard part of the proof is i and the construc-
Ž . Ž .tion of the crossed product R
, since ii and iii may be proven by
repeating the corresponding parts in the proof of Theorem 2, using F and0
Ž .K the fixed fields of F and K under j, respectively instead of the0
original F and K. As for the final statement, Theorem 1 applies in R
 to
 uu j4show that the pair x, x is free. The stated pair may be obtained from
this by conjugation by uj, and the switching result is trivial.
Ž .We now turn to the proof of i , and use the same generic element
zÝX e as in the proof of Theorem 2. With the understanding that the 
Žvariables X will only be specialized to elements of F , we may define in0
. j j†the notation of Lemma 8 , z Ý X d e , whence zz Ý  e ,      
where
 †  d c  ,  X X .Ž . Ž .Ý   
† 
ŽSome information is concealed by this notation. One is that the summa-
tions can range over a subgroup of  rather than  itself; subgroups give
rise to crossed products R
 as in the statement of the theorem. Second, the
 4  4K-basis e of R can be replaced by a homologous basis a e , where the  
.a  K.
Step 1. If  †, or if   † for some  , then   0 for every
basis e, for
 † 2 †  d c  ,  X  d c  ,  X X .Ž .Ž . Ž .Ž .Ý Ý     
† †   ,  
If   †, then X 2 occurs in  . If  †, then for any  †  we have 
 † †  , so X X occurs only once in  , and again   0.   
 4Step 2. If   0 for every choice of basis homologous to e , then 
 j and e je : by Step 1 we have   †, so the first sum in thej j
expression for  is vacuous. Also,  †, so  1† 1† implies that
 Ž †. 1 Ž †.  contains X X with coefficient d c , 1  d c 1,   d  d , which 1  1  1 
must be zero. Since d  1 by Lemma 8, it follows that d  d1. In1  1
other words, e je . Now let a be any element of K *, and replace e by  
e  ae . By assumption, the new  is still zero, so the earlier part of the  
Ž  . j  Ž . j j j jproof implies that e e . That is, ae  ae  e a e a      
a je , so a a j. This is for all a K , so j 1, whence  j, as
claimed.
Ž .Step 3. i holds if some non-trivial subgroup of  does not contain j:
let  be such a subgroup, and let R
Ý Ke be the corresponding 
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Ž j.1subring. By Steps 1 and 2,   0 for every  . Similarly, zz 
Ý  e , where the  are also non-zero.   
Ž .Step 4. If i is not true, then  is a 2-group which is either cyclic or
quaternion: Step 3 reduces us to the case where j belongs to every
subgroup of . Since j has order 2, this means that  is a 2-group with a
unique subgroup of order 2. It is well known that the only such groups are
cyclic or quaternion.
Step 5. The result holds when  is cyclic: suppose not. Let a be an
² :element of order 4 in , set  a , and let SÝ Ke . The restric- 
² :tion of † to a is inversion, since the only other possibility is † 1, in
which case j a2 aa†, contradicting Step 1. Recall that, by definition,
e j  d e 1 , so using d e 1 instead of e 1 yields a basis homologous toa a a a a a
 4 j 1the original e , with the additional property that e  e , whencea a
e j1  e . By Step 2, we also have e je . In particular, j-symmetrica a j j
elements of S do not contain e in their expression in terms of the basisj
 4 1e . Let y e  e and R
 K  K y. Observe that y is j-symmetric.a a 0 0
2 Ž . Ž 1 . Ž 1 .Direct calculation shows that y  c a, a e  c a , a  c a, a j
Ž 1 1. Ž 1 . Ž 1 . 2c a , a e  c a , a  c a, a  K , since y is j-symmetric. Ifj 0
 K , then y e  e 1   ae   a1e 1 . But a1  ja, so0 a a a a
 a
1   ja  a, since  is j-invariant. Therefore, y  a y for all
 K . Next, R
 is closed under multiplication since y2 K . In other0 0
² : ² 2:words, R
 is a crossed product of K by the group 
 a  a . Since0
Žj 
, the conclusion follows from Step 3. Explicitly, this means that,
defining z X  X y z j, both z 2 and z2 have full support in R
,1 y
.which can be easily verified. This contradiction yields the conclusion.
Step 6. The result holds when  is quaternion: suppose otherwise. If 
has order 2 n 16, then  has a characteristic cyclic subgroup of order
2 n1. This is necessarily stable under †. Restriction to this subgroup
reduces us to the case of a cyclic Galois group, where the conclusion is
known by Step 5. We are left with the case where  has order 8. The map
† Ž .x x for all x  is an automorphism of Q of order 1 or 2. Any8
such automorphism is known to stabilize at least one subgroup of order 4.
That subgroup is then also stable under †, and we are back in the cyclic
case. The result follows.
The proofs of the existence theorems fall short of showing explicit free
Ž .pairs, but focus on the main difficulty: finding an element u as in part i
of Theorems 2 and 4. After that is done, finding  and x is routine, within
a commutative ring, although we will have something more to say about
this later. The existence of u is guaranteed by looking at a specific huge
polynomial in its coordinates, which is hard to write down even in small
cases. So, in order to apply Theorems 1 and 3, we restrict the number of
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parameters of u, so that the polynomial becomes of manageable form, and
choosing final values becomes an easy task. Here is one basic technique.
Ž .Classically, a cyclic algebra is a crossed product R K , , e, c in which
² : Ž  is cyclic of order n and K is a field. Then there exists by
. Ž 2 n14Hilbert’s Theorem 90 an element j such that e 1, j, j , . . . , j , so
b jn F, and the crossed-product structure can be simplified to the
Ž .data R K ,  , j, b . When K is not a field, then such a convenient e
does not necessarily exist, but may be required as part of the definition of
Ž  a cyclic algebra as is by Albert 1 in the case where K is a cyclic
. Ž .semifield . Cyclic algebras occur very frequently, for if R K , , e, c is a
crossed product over a field K , then for any 1  , the subalgebra of
² :R generated by K and e is a cyclic algebra with group  . We show how
to find appropriate u’s in a cyclic algebra over F, with K ,  , j as above.
Ž .PROPOSITION 9. Let A K ,  , j, b be a cyclic algebra of degree n with
centre F and prime field P; let  ,  F be such that  ,  ,   0, and




Ž .and its inerse hae full support, lying in P  ,  , b .




  jŽ .
 1
1  j
  j 1  njnŽ .
 1 n n ž /ž /1  j 1  j
 Ž .
n1 n1 1 j 1  j  jŽ .n1  b
proves the result for u; u1 looks the same as u, with the roles of  and 
switched.
The next situation occurs in the course of studying group algebras
Ž .Section 5 .
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Ž .PROPOSITION 10. Let R KF,  , j, 1 be a cyclic algebra of degree n
with an inolution j such that K j K and j j j1. Then, unless char F 2
Ž Ž . .Ž .1 Ž j.1and n is een, u 1 t 1 j 1 t j is such that uu hae full
support proided that either t is not algebraic of degree  n 3 oer the
prime field of F or t, t 1.
Ž . Ž .Proof. Write u 1 X j  1 Y j , where X, Y are indeterminates
j Ž .Ž 1 . Ž 1 .over F. Then, u  XY 1 X j  1 Y j , so, using a partial frac-
tion decomposition we find out that
X 1 1
juu  1 A  ,1ž /ž /Y 1 Y j 1 Y j
where
XY 1 X YŽ . Ž .
A .2X 1 YŽ .
Expanding the fractions, we obtain
X A
j i ni iuu  1 Y  Y j .Ž .Ýnž /Y 1 Y 0in
At this point, one can easily write down the coefficients of powers of j as
Ž j.1rational functions; the corresponding coefficients for uu result from
exchanging X and Y in such fractions.
Ž . Ž 2 .Ž n. Ž . Ž . Ž .Ž .ŽLet f X  X 1 X 1 X , d X, Y  f X f Y XY 1 X
. Ž . Ž .Y , and notice that d Y, X  d X, Y . Clearing away denominators and
Ž . iother factors of d X, Y , we obtain for 0 i n the coefficient of j as
Ž . Ž n2 i . Žc Y  1 Y in particular, if n is even and char F 2, thei
n2 .coefficient of j is zero . After a similar simplification, the coefficient of
Ž . n1Ž 2 . Ž .1 becomes o X, Y  Y X Y Y 2 X  XY X 2Y  1. So,
Ž j.1one obtains a u such that uu have full support by means of any
Ž .substitution that does not annihilate the polynomial d X , Y
Ž . Ž . Ž . Ž .o X, Y o Y, X Ł c X c Y .0 i n2 	 i i
Ž . Ž .In particular, substituting X, Y  t 1, t yields a product of nonzero
polynomials in t, of degree n 3. So, if t F is not algebraic of degree
 n 3 over the prime field, the substitution is good. Further, in charac-
teristic 0 it is routine to show that if t is a rational number 1, then
Ž . Ž .o t 1, t and o t, t 1 are positive.
Our choice of values for X, Y in the proof above were just for definite-
ness, and in order to get a simple expression.
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In the proof of Theorem 2, after u,  were found, the existence of x was
proved by an appeal to the approximation theorem. This does not show the
desired element explicitly. Here we present a more direct, special-purpose
recipe:
PROPOSITION 11. Let K be a commutatie ring proided with a aluation
 and an automorphism group  leaing the aluation ring R inariant.
Ž .Suppose that wU K  R is the only one among its -conjugates that has




 Ž  .  4is such that the collection  x   has unique minimum and unique
maximum.
The proof is trivial and omitted. The special case x w1 w is worth
noticing.
3. SYMBOL ALGEBRAS
Let us expand on the material at the end of Section 2, restricting
ourselves to cyclic algebras and concentrating on u. Recall that for cyclic
algebras we use a simplified notation for the crossed-product structure
Ž .A K ,  , j, b , where  generates the cyclic group, the basis consists of
powers of j, and j ² :  b.
The following observation will be useful:
Ž . dPROPOSITION 12. Let A K ,  , j, b be a cyclic algebra. Let u j x,
with x K  F and 0 d n. Then:
Ž . r d r  d ia For eery positie integer r, u  j Ł x .0 i r
Ž . nb If d and n are relatiely prime, then u  F.
d d  d Ž . Ž . dProof. Clearly x j  j x , so a follows by induction. As for b , 
² : n d n  d i d Ž .generates  ; hence, u  j Ł x  a N x , and the result0 i n KF
follows.
As is well known, cyclic algebras are specially easy to handle when the
Ž .fixed ring of  that is, the centre of the algebra is a field containing a
² : primitive nth root of 1, where n  . In that case, if F is the fixed field
Žand  is the primitive root, the algebra is a symbol algebra also called
 . Ž .power norm residue algebra 5 denoted a, b; n, F,  , where a, b F*,
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generated by elements i, j satisfying
in a, jn b , ji  ij.
We will follow the convention of omitting any of n, F,  in a symbol, when
Ž .they are understood from the context. Clearly, every element of a, b can
Ž . i jbe uniquely written as a polynomial Ý  i j , with coefficients0 r , s n i j
in F.
Ž .What makes a, b especially nice for our purposes is that it can be
viewed in several different ways as a cyclic algebra, for instance, as
Ž Ž . j . Ž Ž . i .F i , x x , j, b or F j , x x , i, a . In order to apply Theorem 1, we
Ž .will use the former, that is, taking K F i ; however, we shall view it in
the second form in order to apply Proposition 12.
 n r n r Ž n r .When r n, the F-subalgebra generated by i , j is a, b; r, F,  ;
hence one can already manage by considering only symbol algebras of
prime index. In this case, either the algebra is a matrix ring over the centre
Ž .and free groups abound or a division algebra. We can also restrict the
attention to algebras where F is generated by a, b,  over the prime field,
we will denote by F the field generated by  over the prime field.0
Symbol algebras of order 2 are just quaternion algebras, and we have
 studied them from the viewpoint of this article in Part I 9 . Theorem 1 in
Ž .Part I is an explicit case of Theorem 1 iii ; this will be generalized below,
by exhibiting free products with one finite factor. The main difficulty here
is to obtain elements all of whose noncentral powers have full support.
Ž .As remarked before, we will take K F i in order to apply our former
d Ž .results. The first family of prospective u’s will be the form u i H j ,
  Ž . Ž Ž .where H F t , gcd d, n  1. Using the cyclic structure F j , x0
i . n ix , i, a , Proposition 12 tell us that u  F; also, since j   j, for every
r r d Ž r .Ž . Ž r .  positive r, u  i H j , where H  F t .0
Suppose, for the moment, that jn b is transcendental over F . Then0
Ž r . Ž r .Ž . i Ž r .  we can write H Ý H b j , where the H  F t .0 i n i i 0
So, here is the program: find u so that all H Ž r ., 0 i n, 0 r n arei
Ž .nonzero. That will allow an application of Theorem 1 iii . For an applica-
Ž .tion of Theorem 1 i , even less is needed: one need only look at the cases
r 1 and r n 1. This program works even if b is algebraic over F , so0
long as it is not a zero of any of the relevant H Ž r ..i
Ž . qŽ i. i   Ž . 2PROPOSITION 13. If H t Ý  t  F t , where q t   t 0 i n
  t  t is a quadratic polynomial, and 0 r n is relatiely prime to n,n
all H Ž r . are nonzero.i
i Ž .Proof. Using the fact that j   j, Proposition 12 a yields
H Ž r . t H  Ž r1.d t H  Ž r2.d t  H  d t H t .Ž . Ž . Ž . Ž . Ž .
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We compute
H Ž r . j  jk  Ý iŽqŽ ji.jiŽ ri.d .Ž . Ý Ý
k0 j  j k1 r
0j ni
 bs  Ý iŽqŽ ji.jiŽ ri.d . j lÝ Ý Ýž /0ln s0 j  j s nl1 r
0j ni
  l r d b s  Ý iŽqŽ ji.id ji. j lÝ Ý Ýž /0ln s0 j  j s nl1 r
0j ni
 H Ž r . b j l . 1Ž . Ž .Ý l
0ln
We show that the polynomials H Ž r . are nonzero by evaluating them at 1.l
At this point, it is important to realize that, since  n 1, the exponents of
 may be thought as being in the ring  . In what follows, let s r1 ln
 ; we make a change of variables j  j  s.n i i
H Ž r . 1   l r d  Ý iŽqŽ ji.i d ji.Ž . Ýl
j  j l1 r
ji n
  l r d  Ý iŽqŽ jis . i dŽ jis .. .Ý
j  j 01 r
ji n
Ž . 2Recalling that q t   t   t, we compute in  the exponent of  inn
Ž Ž . Ž .. Ž Ž . . Žeach summand: Ý q j  s  id j  s Ý q j  idj Ý 2 s j i i i i i i i i
Ž .r r  1Ž . . Ž Ž . . Ž . Ž Ž . .q s  dsi  Ý q j  idj  rq s  ds  Ý q j  idj i i i i i i2
r 1Ž .rq s  d l. Hence:2
H Ž r . 1   l r dr qŽ s.dlŽn1.2  Ý iŽqŽ ji.i d ji. 2Ž . Ž .Ýl
j  j 01 r
ji n
  dlŽ r1.2r qŽ s.H Ž r . 1 . 3Ž . Ž .0
Ž r .Ž .It follows now that it suffices to show that H 1 is nonzero for r0
Ž .invertible in  . It seems difficult to carry out the summation in 2n
directly, so we proceed in a roundabout way.
Ž . Ž .Let  : a, b M K be the ring morphism obtained using the rightn
 2 n14 Žregular action and basis 1, j, j , . . . , j with the proviso that we use n
. Ž n1.to index the matrices . Hence, i  diag 1,  , . . . ,  i. It is also useful to
notice that, if hÝ h j i, where the h commute with j, then direct0 i n i i
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computation shows that
h if i j nj i
h Ž . i j ½ bh if 0 j i .jni
Ž Ž . .Note that  maps all elements we are interested in into M F i b ; letn 0
Ž Ž . . Ž Ž ..: M F i b M F i be the evaluation at b 1.n 0 n 0
r r d Ž r .Ž . r d Ž r .Ž .We have u i H j Di H 1 , where D is a nonsingular0
diagonal matrix, and  is a square matrix all of whose entries are powers
Ž . Ž r .Ž . Ž . r rof  , by 3 . Thus, if H 1  0, it will follow that u  u 0. This0
is impossible, as we show that u is nonsingular.
d Ž .Indeed, u i H j , and since i is clearly nonsingular, it re-
Ž . Ž . qŽ i. imains to show that so is H j . Recalling that H j Ý  j , the0 i n
Ž Ž . . qŽ ji. Ž . 2formula for  above yields H j    . Expressing q t   t i j
 t, we obtain
H j  diag   i2 i V 2  diag   j 2 j ,Ž . Ž .Ž . Ž .
Ž . Ž . i jwhere V t is the Vandermonde matrix V t  t . The last expressioni j
indeed finishes the proof that u is nonsingular.
Ž . Ž i j.There is a natural  -grading on a, b , given by deg i j  i j mod n.n
It seems attractive to look for u’s that are homogeneous, preferably with
coefficients in the prime field. It turns out that homogeneous elements
become of the type in the previous section as soon as we change the cyclic
structure.
1 1 n1 ŽConsider the element k i j b i j traditional quaternion nota-
tion would suggest a slightly different definition, but this will not matter
.here .
PROPOSITION 14. The following properties hold:
Ž .a ki  ik.
Ž .b jk  kj.
r Ž .2r r rŽ .c For eery integer r, k   i j .
Ž . n Ž .n1 1d k  1 a b.
Ž . Ž .e The degree d elements form a one-dimensional F k ector space.
Ž . Ž . Ž .Proof. Items a and b are immediate, and d follows directly from
Ž . Ž . i jc , which is easily proved. To prove e , let fÝ  i j be ai jd i j
ˆhomogeneous element, where indices lie in  . Then, denoting  n j
r Ž .2d j j d jˆ ˆ Ž . , f i Ý  i j  i Ý   k , by c .n j, j 0 j n j 0 j n j
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Ž . Ž . Ž . Ž . Ž 1 .Items a , b , and d imply the isomorphisms a, b  a, a b 
Ž 1 .a b, b . In particular, it shows that many elements that are not
homogeneous in the grading we adopted are homogeneous in a different
 grading.n
Ž .PROPOSITION 15. If f a, b; n, F,  is a homogeneous element of
degree prime to n, then f n F.
Ž . d Ž .  Proof. From Proposition 14 e , f i h k , with h F t . The result
Ž Ž .now follows from Proposition 12, using the cyclic structure F i , x
i .x , i, a .
Ž .n Ž .By the way, since i j  a b sum of noncentral monomials , it
Ž .nfollows that i j  a b, a well known fact.
We now gather the preceding results in a particularly useful form that
combines with Proposition 9:
Ž .PROPOSITION 16. Let A a, b; n, F,  be a symbol algebra, where
charF  n, and let F be the subfield of F generated by  and b. Consider the0
elements
u  i ij iÝh
ijn1
and
u q , d  id  qŽ i.j i ,Ž . Ý
0in
 where q  t is a quadratic polynomial and d is a unit in  . Then:n n
Ž .n ni. If n is prime, then u q, d and u are central, and, for 0 r n,h
Ž . r r su q, d and u hae full support, and coefficients of the form i , withh
 F .0
Ž .1 1ii. For any n, u q, d and u hae full support, and coefficients ofh
the form i s , with  F .0
Ž .Proof. Whatever refers to u q, d comes straight from Propositions 12
i Ž .2n1 iand 13. As for u , notice that u  i Ý  k , so the sameh h 0 i n
results apply.
Ž .COROLLARY 17. Let A a, b; n, F,  be a symbol algebra, suppose
that char F  n, and let F be the subfield of F generated by  and b. Then,0
Ž . Ž . i j4if a is transcendental oer F , the pair 1 i  1  i , Ý i j gener-0 ijn1
ates modulo centre, a free product  .n
Proof. The choice of u is justified by Proposition 16. Now, to apply
 Theorem 1, start off with the valuation of F i associated to the ideal0
generated by 1 i. It is easily seen that  is compatible with the
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cross-product structure, and that all conjugates of u have all coordinates
with value 0. Finally, the choice of x is an application of Proposition 11.
For a cyclic algebra of degree p over a field of characteristic p, the
symbol algebras we have looked at so far are of no use, as a primitive pth
root of 1 cannot exist. Indeed, there exists a slightly different object,
Ž :denoted by the symbol a, b; p, F , where a, b F*, generated by i, j
satisfying
i p i a, j p b , ji i 1 j.Ž .
1  jHere, an appropriate choice of u has the form , as in Proposition 91  j
Ž .which prescribes conditions on  ,  . Although this construction does
not, in general, guarantee full support for all noncentral powers of u, a
special feature of the present case is that there is full support. Indeed,
writing  1,
r
1  jŽ .
ru  r
1  jŽ .
r pr
1  j 1  jŽ . Ž .
 p
1  jŽ .
p rr1 ip j ij 1  b j  Ž . Ž .Ý Ý ž /j ž /i j0ip j
p rr1 ip i j 1  b  j  .Ž . Ž .Ý Ý ž /j ž /i j0ip j
The coefficient of each power of  in the inner summation lies in the
prime field and is nonzero. It follows that unless  is algebraic of degree
 p over the prime field, all powers of u have full support. Thus, it is not
hard now to find a free product   in the algebra.F* p
4. INVOLUTIONS
The existence of stable free pairs in a group with involution implies the
Ž .existence of either type fixed or switched :
PROPOSITION 18. Let G be a non-Abelian free group, and let  be an
inolution on G. Then, the following are equialent:
i. G contains a free pair that is switched by .
ii. G contains a free pair that is fixed by .
iii.  is not the map sending each element to its inerse.
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 4  4Proof. If x, y is a free pair, so is xy, yx , and this shows the equiva-
Ž . Ž . Ž . Ž .lence of i and ii . Also it is clear that ii implies iii . So, starting with
Ž .iii , let X be a free generating set for G. If X contains a stable pair,
there is nothing more to prove, so assume this is not the case. If, for some
 4x X, x* is not a power of x, then x, x* is a free pair. Otherwise, 
² : 1induces an automorphism of each cyclic subgroup x ; hence x* x ,
Ž .for each x X. By hypothesis iii , there must exist an x so that x* x.
² :  4Choose any y X  x ; then x, yxy* is a fixed free pair.
Switched free pairs can be easily lifted through -homomorphisms,
while fixed pairs cannot, generally; we state the following obvious fact for
the record:
PROPOSITION 19. Let G and H be groups with inolutions denoted by ,
Ž . Ž .and let f : GH be a homomorphism such that f x*  f x * for eery
xG. Then:
 Ž . Ž . 4  4i. If xG is such that f x , f x * is a free pair, then x, x* is a
free pair.
 Ž . Ž .4ii. If x, yG are such that f x , f y is a fixed free pair, then
 4xx*, yy* is a fixed free pair.
Ž .Item ii above cannot be improved, in the sense that it is quite possible
that the inverse image of a symmetric element does not contain any
symmetric elements. Take, for instance G as the direct product of the free
group on a, b by the order 2 cyclic group generated by c; the map :
a ca, b cb, c c extends to an unique anti-automorphism of G,
which is easily seen to be an involution. Let H be the free group on a, b,
and let  be the anti-automorphism that fixes these generators. The
morphism induced by a a, b b, c 1 satisfies the hypotheses of the
Proposition above, and neither a nor b have symmetric pre-images.
In a general setting, we would have an involution on a monoid, and
would look for a symmetric free pair. Clearly, they do not appear in the
Ž .   4‘‘unitary subgroup,’’ U S,  x xx* 1 .
Ž .Question 1. Let M be a monoid group with an inolution , and
suppose that M contains a non-Abelian free subgroup G not contained in
Ž .U M, . Does that imply that M contains a symmetric free pair?
The above setting is too general, and maybe no easy answer is forthcom-
ing. The following special case would still be quite interesting:
Question 2. This is the same as Question 1, restricted to M being the
multiplicatie monoid of a finite-dimensional F-algebra and  to be F-linear.
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Note that an affirmative answer to Question 2 would provide a refine-
ment of Tits’ theorem of alternatives to a symmetric form.
5. STABLE FREE PAIRS IN GROUP ALGEBRAS OF
FINITE GROUPS
Throughout this section, p is 0 or a prime number, and G is a finite
group. For a group algebra FG, let  denote the F-linear involution
extending the inversion operation on G; whenever we refer to stable pairs,
it will be with respect to this involution.
The objective here is to prove Theorem 5. This will require an analysis
of minimal groups not in X .p
Recall that X is the class consisting of the finite Abelian and Hamilto-0
nian 2-groups. It is trivial to see that, if G X , then the symmetric0
elements of the group ring of G over any field are central. Any finite
group not in X contains a section G with the property that every proper0
subgroup and every proper homomorphic image of G belongs to X , while0
 G itself does not. The structure of such groups is known 11 .
THEOREM 20. Let G X be a finite group with the property that eery0
proper subgroup and eery proper homomorphic image of G belongs to X .0
Ž .Then G is one of the following groups p denotes a prime .
² : ² : x 1p n 1ni. C 
 C  a 
 x with n 2 and the action a  a .p p
Ž . Ž² : ² :. ² :ii. C  C 
 C  a  z 
 x , with p an odd prime, andp p p
the action ax za, z x z.
iii. Q  C , where p is an odd prime.8 p
Ž .iv. A
 C , where A is an elementary Abelian q-group q p and Cp p
acts faithfully and irreducibly on A.
Ž  .The following simple construction due to Hartley and Pickel 12 allows
us to construct symmetrical free pairs in the group rings of many of the
groups that occur below.
LEMMA 21. Let G be a finite group and let F be a field such that
char F 2 does not diide the order of G. Assume that G has an Abelian
subgroup A containing a subgroup B which is not normal in G. Let xG be
x  1 Ž .such that B  B, and set e B Ý b and u 1 t 1 e xe, so thatb B
1Ž .    4u* 1 tex 1 e . Then if char F 0 and t  2, u, u* is a free pair;
² :if char F 0 and t is transcendental oer the prime field, u, u* is a free
product C C .p p
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Proof. Clearly e* e. The condition B x  B implies that ee x  0, so
x1 Ž . xthe idempotent f e 1 e  0. Verify that f * f and ff  0. We
then have the matrix units e  f , e  f x, e  xf, and e  x1 f1, 1 2, 2 1, 2 2, 1
e . With respect to these, u 1 te , while u* 1 te . The con-1, 2 1, 2 2, 1
clusion follows.
Remark. Observe that the same construction works in the following
situation: the group G contains an Abelian normal subgroup A, and the
group ring FA has a primitive idempotent e such that, for some xG, we
have e x  e. The matrix units and free symmetric units are the same as
before.
Proof of Theorem 5 for characteristic zero. Let k, and let H be a
group not in X . Then H contains a section G such that G X , while0 0
every proper subgroup and every proper homomorphic image of G be-
longs to X . Theorem 20 gives the structure of G, and since kG is a0
-stable direct summand of kH, it is sufficient to construct a symmetric
free pair in kG. The above construction of Hartley and Pickel takes care
Ž . Ž . Ž . Ž . Ž .of the cases ii and iv with A non-cyclic . In case i , and case iv with
cyclic A, let e be the unique idempotent of k A such that the cyclotomic
 field K k Ae contains an isomorphic copy of A. The ring kGe K xe
is then a cyclic algebra, which is not of quaternion type. The following is a
Ž .symmetric free pair: choose 1 b k A such that 1 b e k Ae is
maxmin with respect to the automorphism of k Ae defined by the action
of x. In view of Proposition 10, choose a rational number t 1, and let
Ž Ž . .Ž .1 Ž 1 .Ž Ž . 1 .1 w 1 t 1 x 1 tx   1 tx 1 t 1 x . Then 1
1 1 4 w bw, 1 b is a symmetric free pair in kG.
This leaves the case of GQ  C , where q is an odd prime. The8 q
rational group ring of G has a simple component isomorphic to the
Ž .quaternion algebra over the field   , where  is a primitive qth root of
Žunity. Let r 2 qm, where m is a positive integer. We claim that u 1
.Ž 1 . 2 Ž 1 . i j Ž .Žr i 1 r i  1 r  r   i and   u  1 r j 1
1 .  r j form a free pair. Note that u u* and  *. By 9, Theorem 1 , it
Ž . Ž .is enough to show that u, i j is 0, 2 -free.
  Ž .Let R  . We need to construct a non-Archimedean valuation 
  Ž 2 Ž 1 . . Ž 2 Ž 1 . .on R i such that  1 r  r   i   1 r  r   i . To
1Ž .this end, let a 1 r i. Then r a 1   i has minimum polynomial
Ž 2 q .Ž 2 .1 Ž .X  1 X  1 over , whence a has minimum polynomial f X
ŽŽ .2 q 2 q.ŽŽ .2 2 .1 Ž . Ž 2 q X 1  r X 1  r over . Therefore, N a  r
.Ž 2 .1 Ž . Ž .2   1 r  1 . Since N u N a  1, u is not a unit of R i . Let 
2 Ž 1 .w 1 r  r   i, and suppose M is a maximal ideal containing
Ž 2 . Ž 1 .both u and w. Then 2 1 r M and 2 r   M. Since r is even,
Ž . 2 Ž 1 .N u is odd, so 2M. Thus 1 r and r   belong to M. Since
1   Ž . 1, i, and  are all units in R i , we must have r  1 M. But
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 1 is a factor of q, and we already know that 1 r 2M, so 1M in
either case, and we have a contradiction to the maximality of M. Thus, no
maximal ideal can contain both u and w, and we have the required
valuation.
In the case of a field of positive characteristic p, the groups are
somewhat more complicated. Recall that, for a prime p, the class Xp
Ž .consists of those finite groups G such that GO G  X .p 0
THEOREM 22. Let p 0 be a prime. The following are equialent condi-
tions on a finite group G:
Ž .a G is not in X , but eery proper subgroup of G belongs to X .p p
Ž . Ž .b GO G is one of the following:p
i. a p
-group as in Theorem 20,
ii. a group of the form A
 C , where A is an elementary Abelianp
Ž .q-group q p and C acts faithfully and irreducibly on A,p
Ž .iii. for p 3, the group SL 2, 3 .
Ž .Proof. If GGO G is a p
-group, then by definition G X .p 0
Ž .Moreover, if Y is any proper subgroup of G, then Y X , so YO Y p p
Ž . Ž .X . But G is a p
-group, so O Y O G . In other words, Y X , and0 p p 0
Ž .we have proven that G is as in part b i . Conversely, if G is a p
-group
which is also minimal non-X , then it is trivial to verify that G is also0
minimal non-X .p
For the rest of the proof, we may suppose that p divides the order of
Ž .GO G . We begin by listing some trivial properties of the class X : Ifp p
Ž . ŽX X , then XO X is a p
-group since the groups in X are nilpo-p p 0
.tent, and so have normal Sylow subgroups . The class X is subgroup-closedp
Žsince it is easy to see that, if Y is any subgroup of X X , thenp
Ž . Ž . Ž .O Y  YO X . Finally, if G is any finite group such that GO Gp p p
 X , then G X .p p
 If the theorem is false, then we may choose a group G, with G minimal
Ž .subject to: G X , every proper subgroup of G is in X , and GO Gp p p
Ž . Ž .has order divisible by p but is not one of the groups in b ii , b iii . We
develop a series of properties of G:
Ž . Ž . Ž .1 O G  1: if not, let GGO G . Then G is not in X ,p p p
Ž .every proper subgroup of G is in X , and the order of GO G G isp p
divisible by p. Since G is smaller than G, it is on the above list, which is
assumed not to be the case.
Ž .2 G is not a p
-group: this is clear.
Ž . Ž .3 G is not nilpotent: otherwise G would be a p
-group by 1 .
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Ž .4 Proper p
-subgroups of G are in X : this is clear.0
Ž .5 If N is a proper normal subgroup of G, then N is a p
-group
Ž . Ž .belonging to X : for O N NO G  1.0 p p
Ž . Ž .6 A Fitt G is the unique maximal normal subgroup of G: for
Ž . ŽAG by 3 , and every proper normal subgroup of G is nilpotent being
.in X and hence contained in A.0
Ž . Ž .7 Either A is central in G, or C A  A: if A is not central inG
Ž . Ž .G, then C A  A by 6 .G
Ž .8 A is not central in G: otherwise, HGA is non-Abelian and
simple. Moreover, all the proper subgroups of H are soluble, and all of its
p
-subgroups are Abelian or Ham-2. We now use the list of minimal simple
 groups 19, Corollary 1 to check that H cannot be one of them:
Ž . Ž .i. H PSL 3  L 3 : this group has non-nilpotent sub-3 3
 groups C 
 C and S 3 , so the only possible candidate for p is13 3 4
Ž . Ž .  43 gcd 39, 24 . But S  X , as S  X and O S  1 .4 3 4 0 3 4
Ž . 2 n1 nii. H Sz q , q 2 , 2n 1 a prime: Let r 2 . Then by
 18 , H has non-nilpotent subgroups H  C 
 C , for i 1, 2, wherei m 4i
m  q 2 r 1, m  q 2 r 1. Since m m  2 n2, the only pos-1 2 1 2
Ž . Ž .sible prime dividing gcd 4m , 4m  4 gcd m , m is p 2. But C is1 2 1 2 m i
Ž .  4self-centralizing, so O H  1 , whence H  X since H  X .2 i i 2 i 0
Ž . Ž . prime odd primeiii. H PSL q  L q , where q 2 , q 3 , or q2 2
2 Ž . Ž .is a prime 7, with q  4 mod 5: Let k gcd q 1, 2 , u q 1 k,
Ž .  s q 1 k. By 13, 8.3 and 8.4 , H contains dihedral groups of order
2u and 2 s. Hence, the only possible candidate for p is 2. But either u or s
is odd, so at least one of the dihedral groups has trivial O and hence2
cannot be in X .2
Ž . Ž . Ž . Ž .9 If P Syl G , then G A
 P: by 8 , C A  A, which is ap G
Žp
-group. Clearly AP cannot be a proper subgroup of G since that forces
Ž .AP X , so PO AP , whence AP A P, so P A, which impliesp p
.that P 1, meaning that G is a p
-group, which is not true .
Ž . Ž . Ž .10 P C , since GA is simple by 6 , and soluble by 9 .p
Ž .11 A is a q-group for some prime q p, for P acts non-trivially on
Ž . Ž .at least one Sylow subgroup A q of A, and it is routine to see that A q P
has to be all of G.
Ž .12 If X is a proper subgroup of G not contained in A, then
Ž .X X A  P for some Sylow p-subgroup P of G: there exists P such
Ž .that X X A 
 P X . If P acts non-trivially on X A, thenp
Ž . Ž .O X  1, whence X XO X  X , which is clearly not the case.p p 0
Ž .13 A is not Abelian: suppose it were. Then every proper subgroup
Ž .   Ž .of G is Abelian by 12 , so 17, 6.5.9 implies that G is as in b ii .
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Ž .14 p 3: let A BQ, where B is elementary Abelian and
² : ² :Q a, b is quaternion of order 8. Also write G A
 x . Clearly
Ž . Ž . Ž . Ž . ² : ² : A  B  Q   G . Let A A A  a  b  C  C .1 1 1 1 2 2
2The action of x on A cannot be trivial, since that makes x central in G,
contrary to p 2. But the only action of odd order on A has the form
x x ˆŽ .a  z b, b  z ab, for some z , z   A . Let a z a, b z z b. Itˆ1 2 1 2 1 2 1 2
ˆ ˆ² :is now easy to check that Q a, b 
Q is invariant under the action byˆ
² : Ž .x and that action has order 3. It follows that Q
 x 
 SL 2, 3 is a
Ž .proper subgroup of G, which contradicts 12 .
One of the easiest ways to construct free symmetric pairs is by:
PROPOSITION 23. Let k be a field of characteristic p 2, with t an
element transcendental oer the prime field. Suppose that the group G has
² :elements x and y such that x has finite order n, y does not normalize x , and
² 1 : Ž . n1 ithe subgroup x, y xy has no elements of order p. Let a 1 x yÝ x .i0
 4Then the units 1 ta, 1 ta* generate a free product C C in the groupp p
ring kG.
 Proof. This follows from the main theorem of 10 , on checking that
2 2a  a*  0 and aa* is not nilpotent.
Proof of Theorem 5, characteristic 2. Let t be transcendental over the
Ž . Ž . Ž .prime field  , and let k  t . In case iii , write SL 2, 3 Q 
 C p p 8 3
12 2² : ² : Ž .Ž .Ž .a, b 
 x , and let z a  b . Verify that e 1 z 1 a 1 b8
1x Ž .Ž .Ž .is an idempotent such that e* e. Also, e  1 z 1 a 1 b , so8
ee x 0. Let e  e, e  ex, e  x1e, and e  e x. Let u 11, 1 1, 2 2, 1 2, 2
tex, so u* 1 tx1e. If f e e x, then uf f tex e  e  te1, 1 2, 2 1, 2
and u*f f tx1e e  e  te . This is a symmetric pair generat-1, 1 2, 2 2, 1
ing C C .p p
Ž .When A is non-cyclic in case ii , Lemma 21 applies, by taking x to be
² :any non-trivial element of A. Now consider the case A a  C , andq
the group ring  A. Fix a primitive qth of unity  over  ; then one gets ap p
1 q1 j j Ž .nontrivial idempotent in  A by starting with q Ý  a    A andp j0 p
summing over its orbit under the Frobenius map, thus obtaining
q1 i1
n1 j p je q  a ,Ý Ýž /
j0 n0
Ž .where i is the multiplicative order of p mod q. One verifies that e* e if
² : 1and only if 1 p mod q, and, if the element x of G acts on A by
x1 r x ² :a  a , then e  e if and only if r p mod q. Now we obtain free
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pairs according to each of the four ways those invariances may occur
together:

 xe  e and e  e : kGe is a cyclic algebra, so we may use1 1 1 1 1
Proposition 10.

 xe  e and e  e : use Lemma 21 with e e .1 1 1 1 1

 x  4e  e and e  e : kGe is a cyclic algebra. If u,  is any free1 1 1 1 1
 4pair in kGe , then u u*,  * is a free symmetric pair.1

 x x Že  e and e  e : use Lemma 21 with e e  e . Use the fact1 1 1 1 1 1
x .that p 2 to deduce that ee  0.
Ž .Finally, in case i , the SchurZassenhaus theorem implies that G
Ž .contains a p
-subgroup isomorphic to GO G , so we may as well replacep
G by this subgroup. Thus, G is a p
-group as described by Theorem 20.
The non-Hamiltonian cases are covered by Proposition 23. This leaves
us with the case of GQ  C . In particular p is odd. There exist8 q
2 2 ² :elements  ,   such that    1. Let Q  a, b and C p 8 q
² : Ž 1 2 .Ž 2 .Ž . Ž 1 2 .Žx . Let r x x a 1 a a b ab and s x x a 1
2 .Ž . 2 2 a a b ab . Then r r*, s s*, and r  s  0. Direct mul-
Ž 2 . Ž 1 .2tiplication shows that rs4 1 a a x x . Hence, rs can be
Ž 1 .2 m 2nilpotent if and only if x x  0 for some m. This means that x is
unipotent, which is impossible, since x 2 has order q p. Since rs is not
 nilpotent, the main result of 10 shows that the units 1 tr and 1 ts
generate the free product C C .p p
6. FREE GENERATORS ARISING FROM NILPOTENT
SUBGROUPS OF DIVISION RINGS
The following notation will be used throughout this section: s and t are
  1 1non-zero elements of a division ring such that  s, t  s t st 1
Žand  is centralized by both s and t. In other words, the group G
.generated by s and t is nilpotent of class 2. Let k be the prime subfield,
Ž .and let D be the division sub ring generated by k, s, and t. Let K
Ž .k  , s . Then the action of t on s gives rise to an automorphism  of K
such that    and s  s.
Ž .LEMMA 24. If  is not a root of unity, then s is transcendental oer k  ,
 and D is the ring of quotients of the skew polynomial ring K t;  .
Ž .  Proof. If s were algebraic over E k  , then K : F  , forcing the
order of  to be finite. But the order of s  s can only be finite if  is a
root of unity.
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As for the linear independence of t over K , this is essentially the
well-known independence of automorphisms over a field, since no two
Ž .powers of  are equal and can be proven by the same argument .
LEMMA 25. Suppose  is an nth root of unity, and let a sn, b t n.
Ž .Then F k  , a, b is the centre of D, and D is isomorphic to the symbol
Ž .algebra a, b; n, F,  .
Proof. The various definitions imply that D satisfies all the relations
satisfied by the above symbol algebra, and so is a homomorphic image of
it. But symbol algebras are simple, so we have an isomorphism.
In some places, we require a specialization argument from 9, Theorem
19 . We state the result without proof, in the form we require.
THEOREM 26. Let F be a field with a discrete aluation . Suppose F is
˜ Ž . 4the quotient field of a proper subring R, let A x R :  x  0 , and let F
be the quotient field of RA. Let  be the R-automorphism of the polynomial
   Ž .ring R s defined by s   s, where  R and    0. Extend  to an
˜Ž . Ž .automorphism of F s , and denote by  the induced automorphism on F s .˜
Finally, let D be the diision ring of quotients of the skew polynomial ring
˜ ˜Ž .  Ž . F s t;  . Then D has a specialization to the diision ring D F s t;  .˜
THEOREM 27. Assume that  is transcendental oer k. Then D is the
quotient ring of the group ring kG. Moreoer,
 4i. If char k 2, then 1 s, 1 t is a free pair.
Ž .Ž .1 2ii. If char k 2, then setting x 1 s 1  s and u s  st
2  u4 t , the pair x, x is free.
Ž .   Ž .Proof. Part i is 9, Proposition 20 so we turn to part ii . Apply
  Ž .Theorem 26 with R k  , F k  , and  the valuation determined by
2 ˜the irreducible polynomial    1. Note that in D, the element  is a
˜primitive cube root of unity, so by Lemma 25, D is the symbol algebra
3 3 ˜Ž .˜s , t ; 3, F,  , where s denotes the image of s in D. Looking at it as a˜ ˜
Ž 3.Ž .˜crossed product, K k  , t s , so it affords a valuation that is 1 on 1 s˜ ˜
and 0 on 1  is, i 1, 2. Theorem 1 now applies to show that the pair x˜ ˜
u˜and x is free, where the choice of x is justified by Proposition 11 and that˜ ˜
of u is justified by Theorem 16. This pair clearly lifts to a free pair in D.˜
Comment. Item ii above works for any characteristic distinct from 3. If
 2  1 is irreducible use the same proof. If the prime field contains a
primitive third root of unity, use the trivial valuation when applying
Theorem 26.
THEOREM 28. Assume that  is algebraic oer k, but is not a root of
unity. Then k, and there exists a specialization from D onto a symbol
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Ž .algebra a, b; n, ,  of positie characteristic, with a and b algebraically
independent oer the prime field.
Proof. It is clear that k cannot be a finite field. Choose a valuation of
Ž . Ž .  F  which avoids  1  and apply Theorem 26 with R   .
˜Observe that in the symbol algebra D, a, and b remain algebraically
independent.
We are now left with the situation of Lemma 25. Here explicit construc-
tion of free pairs depends on the nature of the centre F of D, although
the existence of elements x and u satisfying the conditions of Theorem 1
is guaranteed by Theorem 2.
When tr.deg Fk 1, in characteristic 0 we can only appeal to Theo-
rem 2. In the case where char k 0, we may suppose without loss of
generality that b is transcendental over k, and use the following elements.
  m mIf n 2m, then by 9, Proposition 18 , the pair 1 s , 1 t is free. If n
is odd, let m be a divisor of n such that nm is prime, and set w snm
nm Ž .Ž .1and   . Then we may take x 1 w 1 w . Any of the
constructions of Proposition 9 and Theorem 16 may be used to obtain
suitable u’s.
The final case is when a and b are algebraically independent over k. In
Ž . Ž .this case, set E k  , b , and use the valuation  on K E s defined by
Ž .Ž .1the irreducible polynomial 1 s. Take x 1 s 1  s . Then any of
the elements u constructed in Proposition 9 and Theorem 16 work.
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